In this paper, we consider the problem of the existence of conformal metrics with prescribed scalar curvature on the standard sphere S , ≥ 3. We give new existence and multiplicity results based on a new Euler-Hopf formula type. Our argument also has the advantage of extending well known results due to Y. Li [16] .
Introduction and main results
This paper is devoted to the problem of prescribing scalar curvature on the n-dimensional sphere S ≥ 3. Let 0 be the standard metric on S and K : S −→ R be a smooth function. We are interested in the question whether there exists a metric conformally equivalent to 0 such that K is the scalar curvature of . For = 4 
−2
0 , where is a smooth positive function on S , the above question is equivalent to solving the following nonlinear PDE:
where L 0 = − 4( − 1) − 2 0 + ( − 1) is the conformal Laplacian operator of (S 0 ). Problem (1) has a variational structure. A natural space to look at for solutions is H 1 (S ). In virtue of the non-compactness of the injection
(S ), the Euler functional associated to (1) does not satisfy the Palais-Smale condition, and that leads to the failure of the standard critical point theory. Moreover, besides the obvious necessary condition that K must be positive somewhere, there is a topological obstruction to solve (1) called the Kazdan-Warner obstruction, see [15] .
There have been many papers on the problem and related ones, see for example [6-8, 11-13, 18] and the references therein.
One group of existence results to problem (1) has been obtained under the following β-flatness condition: ( ) β Assume that K : S −→ R ≥ 3 be a C 1 function such that for any critical point of K , there exists some real number β = β( ), such that in some geodesic normal coordinate system centered at , we have
= 0 and lim
Here ∇ denotes all possible derivatives of order and [β] is the integer part of β.
A typical existence result says that a solution of (1) exists provided K is a positive function satisfying ( ) β and
where, + = { ∈ S ∇K ( ) = 0 and −
=1
> 0} and
For − 2 < β < this result has been given by Y. Li [16] , (see also [17] , where the case of β = − 2 is handled under some further condition on the curvature K ). For 1 < β < , the result has been given by Y. Li [16] and Ambrosetti, Garcia, Peral [2] under a perturbation condition, that is for K close to a constant function. The method used in [16] and [17] is based on a fine blow-up analysis of some subcritical approximations and the use of the topological degree tools, while the approach of [2] relies on an abstract perturbation method due to [1] .
A natural question that arises when looking at the above results is what happens when the total sum in (R 1 ) is equal to 1, but a partial sum is not. Under which condition can one use this partial sum to derive existence results? Our aim in this work is to give a partial answer to this question and to give new existence results which generalize the previous existence results obtained in [16] and [2] . Moreover, in generic cases, we give a lower bound of the number of conformal metrics with prescribed scalar curvature K .
To state our results, we consider the following assumption: we say that an integer ∈ (A 1 ) if it satisfies: (A 1 ) For each ∈ + , we have − ( ) = + 1.
Our first main result can be stated as follows.
Theorem 1.1.
Let K be a positive function satisfying ( ) β with − 2 < β < . If
then there exists a solution to problem (1) . Moreover, for generic K , one has S ≥ max
where S denotes the set of solutions of (1).
The reader should observe that any integer ≥ satisfies condition (A 1 ). Thus, as a consequence of the above theorem, we have the following corollary, which recovers a previous existence result of [16] .
Corollary 1.2.
Assume that K is a positive function satisfying ( ) β for − 2 < β < . If
then problem (1) has at least one solution. Moreover, for generic K , one has
In the second part of this work, we consider the perturbative case, that is, the case where the prescribed scalar curvature is K = 1 + εK 0 , for K 0 ∈ C 1 (S ) and | ε | small. So we are reduced to study the problem
Problem (P ε ) was studied first by Chang and Yang [10] , under a suitable non-degeneracy condition and later by Li [16] and Ambrosetti, Garcia and Peral [2] under a β flatness condition.
Our aim is to tackle problem (P ε ), using another approach different from the ones used in the above mentioned papers, and to extend the existence result considered in Theorem 1.1 by allowing any β ∈]1 [. More precisely, we will prove the following Theorem 1.3.
Let K be a positive function satisfying ( ) β with 1 < β < . If
then for | ε | sufficiently small, there exists a solution to problem (P ε ).
Moreover, for generic K , if
where S denotes the set of solutions of (P ε ).
The following result proved by Y. Li [16] is an immediate corollary of theorem 1.3.
Corollary 1.4 ([16]).
Assume that K is a positive function satisfying ( ) β , 1 < β < . If
then for | ε | sufficiently small, (P ε ) has at least one solution.
A generalization of corollary 1.4 using the degree of the related function has been proved by Ambrosetti, Garcia and Peral [2] . Such a result extends the result of corollary 1.4 to positives functions satisfying ( ) β with = ( ) ∈ R, = 1
. This degree actually computes the Leray-Schauder degree of (P ε ). In the special case where = ( ) ∈ R for any = 1 , this degree can be expressed as
Therefore, for positive functions K satisfying ( ) β , theorem 1.3 recovers also the existence result of [2] .
Our proofs uses topological arguments and the tools of the theory of critical points at infinity, see [3] . In our case, the space of variation is contractible and has no topology. However due to the non-compactness of the problem, there are critical points at infinity whose topological contribution can be computed. The main idea is to use the difference of topology of the critical points at infinity between the level sets of the associated Euler-Lagrange functional J, and the main issue is under our conditions on K , there remains some difference of topology which is not due to the critical points at infinity but due to the existence of solution of (1). The main results of this paper have been announced in [9] .
The rest of this paper is organized as follows. In Section 2, we recall some known facts about the variation problem and we give the characterization of the associated critical points at infinity, we then give in Section 3 the proofs of the main results.
Variational structure
In this section we recall the functional setting and the variational problem and its main features. Problem (1) has a variational structure, the Euler-Lagrange functional is
The space H 1 (S ) is equipped with the norm
. We denote by Σ the unit sphere of H 1 (S ) and we
Problem (1) is equivalent to finding the critical points of J subjected to the constraint ∈ Σ + . The exponent 2 −2 is critical for the Sobolev embedding
(S ). This embedding being continuous and not compact, the functional J does not satisfy the Palais-Smale condition. In order, to characterize the sequences failing the Palais-Smale condition, we need to introduce some notations.
For ∈ S and λ > 0 let,
where is the geodesic distance on (S 0 ) and 0 is chosen so that δ ( λ) is the family of solutions of the problem
We define now the the set of potential critical points at infinity associated to the function J. For ε > 0 and ∈ N * , let us define
The failure of the Palais-Smale condition can be described as follows.
Proposition 2.1 ([3, 19]).
Assume that (1) 
If is a function in V ( ε), one can find an optimal representation, following [3] and [4] .
Proposition 2.2.
For any ∈ N * , there is ε > 0 such that if ε ≤ ε and ∈ V ( ε), then the following minimization problem
has a unique solution (α λ ), up to a permutation.
In particular, we can write as follows
where belongs to H 1 (S ) satisfying:
here, δ = δ ( λ ) and < > denotes the scalar product defined on H 1 (S ) by
In the following we will say that ∈ (V 0 ) if satisfies (V 0 ).
Next we give the following definition extracted from ([3], definition 09).

Definition 2.3.
A critical point at infinity of Jon Σ + is a limit of a flow line ( ) of the equation
Here is either zero or a solution of (1) and ε( ) is some positive function tending to zero when → +∞. Using proposition 2.2, ( ) can be written as: For such a critical point at infinity are associated stable and unstable manifolds. These manifolds can be easily described once a Morse type reduction is performed, (see [4] ).
The following proposition characterize the critical points at infinity of the associated variational problem.
Proposition 2.4.
Assume that J has no critical point in Σ + . Under condition (f) β , − 2 < β < , the only critical points at infinity of J are
( ) ∞ := 1 K ( ) −2 2 δ ( ∞) ∈ +
Such a critical point at infinity has a Morse index equal to ( ) ∞ := − ( )
Proof. The proof proceed as the proof of Corollaries 3.2 and 3.3 of [14] 3. Proof of the main results
Proof of Theorem 1.1
We prove the existence result by contraction. Therefore we assume that the equation (1) 
Now, we use the gradient flow of (−∂J) to deform θ(X ∞
. By transversality arguments we can assume that the deformation avoids all critical points as well as critical points at infinity having their Morse index greater or equal to + 2. It follows then by ([5] , sections 7 and 8) that
Here denotes retract dy deformation. Now taking = 0 , where 0 is the integer such that the
is achieved. Since 0 satisfies (A 1 ), there are no critical point at infinity with index 0 + 1. We derive that
We apply the Euler-Poincaré characteristic of both sides of (3), we get
Such an equality contradicts the assumption of Theorem 1.1.
To prove the multiplicity part of the statement, it follows from Sard-Smale Theorem that for generic K 's, the solution of (1) are all non degenerate, in the sense that the associated linearized operator does not admit zero as eigenvalue. We need to introduce the following Lemma whose proof is similar to the one of ( [14] , section 3.2).
Lemma 3.1.
Let be a solution of (1) . Assume that K satisfies condition (f) β , with −2 2 < β ≤ . Then for each ∈ N , there is no critical points neither critical points at infinity in V ( ε ), where
Once the existence of mixed critical points at infinity is ruled out, it follows from the above arguments that
By the Euler -Poincaré characteristic argument, we obtain
Hence our Theorem follows.
Proof of Theorem 1.3
Let ε ∈ R, K ε = 1 + εK 0 and J ε be the associated variational problem. So, for ∈ + , we have:
Let us observe that in the case of the sphere, a solution of (P ε ) cannot be achieved as minimum of J ε , unless for ε = 0 . In this case, the functional J 0 possesses a ( + 1)-dimensional manifold Z of critical points, given by:
Let S be the best constant of Sobolev, it is easy to see that for every δ ( λ) ∈ Z , we have
We have the following lemma.
Lemma 3.2.
Let η > 0, for | ε | sufficiently small, we have
, we have
Using the fact that K 0 is bounded on S , we derive that
where O(ε) is independent of , tends to zero when ε tends to zero. Hence the lemma follows. 
Now, let η be a small positive constant such that S + 3η < 2 2 S . We can therefore assume that | ε | is so small that all the critical points at infinity of J ε of two masses or more are above the level S + 3η and the critical points at infinity of one mass are below S + η Therefore, the functional J ε has no critical points at infinity in J S +3η ε( S +η)
Arguing by contradiction and assume that (P ε ) has no solution. It follows from (4) that
where denotes retracts by deformation. Using lemma 3.2, we derive that
Now we claim that J S +η ε is a contractible set
Indeed, from (6), it is sufficient to prove that J Now, for generic K , we can assume that J ε has only nondegenerate critical points. Observe that
where O(ε) is independent of and tends to zero when ε tends to zero. Thus, for |ε| small enough, the functional J ε has no critical points in J S +3η ε( S +η) (11) Using the result of Lemma 3.1, we derive from (4) and (11) that, there are no critical points as well as no critical points at infinity in the set J S +3η ε( S +η) . Hence we obtain (5) in our statement. Using (6), (8) and ( 
